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The stability of axisymmetric ideal MHD equilibria which are symmetric with respect to the
equatorial plane is considered. It is found that for external axisymmetric modes which are antisym-
metric with respect to the equatorial plane and for profiles such that the current density vanishes
at the free plasma boundary the stability problem reduces to a classical interior-exterior scalar
eigenvalue problem. Because of the separation property the resulting stability condition is necessary
and sufficient and is thus more stringent than criteria derived by choosing special test functions, e.g.

the vertical shift condition.

Introduction

An axisymmetric equilibrium is described by the
Liist-Schliiter equation [1-3]

A4, +F=0, F(R,W)=I'l+R?p,

* 1 a+az_R2V v
OR> ROR ' 0% R?

=
for the flux function ¥. Here, R, ¢, z are cylindrical
coordinates, p(') is the pressure, and B, = I(¥)/R is

the toroidal field. The poloidal field B, is related to ¥
by

B,=VpxV¥.

The prime indicates differentiation with respect to ¥.

It has been shown in [4], [5] that, after minimization
with respect to the ¢p-component of &, the energy prin-
ciple [6], [7] for axially symmetric displacements
(0/0¢ = 0) can be reduced to the form

(1)
d3z oF
OW, =L [ —<|VEP+IfIP+ypR?|divE]> — —|&)?
f_zvffRz{l EP+1f1P+ypR*|divE] alI,Icl},
where
E=E&FY.
With the notation
d2zs
o= e —— 2
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for integrals over the magnetic surface ¥ = const the
quantity f is defined by

)

Expression (1) was originally derived for the case of a
rigid wall at the axisymmetric plasma bondary S,. Let
us take ¥ =0 on S; and ¥ >0 in the plasma region
V;. Then, choosing the profile functions p(¥), I(¥)
such that

f=r=1 (3)

I'(0)=p'(0)=0 (4)

makes (1) also valid for the case where the plasma is
surrounded by a vacuum region V, [7]. The choice (4)
of the profile functions implies that the current density
vanishes everywhere on S, If the current density were
not zero there, the system could then be unstable with
respect to peeling modes [8], [9]. The peeling mode is
a non-axisymmetric mode localized near the free sur-
face. Conditions (4) guarantee that the peeling crite-
rion and, furthermore, even a local sufficient condi-
tion with respect to all modes [10] is satisfied near the
free surface.

It is well-known (see, for instance, [8]) that for the
case of non-vanishing shear the y term in (1) can be
minimized to give

fpldivéPdic = [plgl*dir,
Vs Ve
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where in the axisymmetric case g is the surface quanti-
ty:
d )4
E’ &

<1

g=9g(¥)= (5)

So the axisymmetric stability problem is completely

described by the scalar quantity &:
(6)

&’ oF
zif‘{lVCIZHfIZ pRzlglz—ICflz}
2y R? oY

If the pressure vanishes on S, the energy variation
of the system can be written in the form [7]
OW=0W,+ oW,
oW, =1[d*xB*, B=VxA. (7)
V.

The displacement vector & of the fluid disturbance is
related to the single-valued vector potential A of the
magnetic field disturbance B in the vacuum region by
the condition [7]

nxA=—(n-&B on S, (8)

while on the perfectly conducting outer wall S, (which
is assumed to be given with axial symmetry) one has

nxA=0 on S,. 9)

For axisymmetric disturbances the vector fields can
be divided into a toroidal and a poloidal part. The
equilibrium field, for instance, can be written as

B=VpxV¥W+1Vop.
The toroidal component of (8) yields

A-(Vd)xV‘[’):—g“RL (10)

5 on §;

and thus determines the poloidal part A4, of 4. 6W, is

minimized with respect to 4, by the choice
A,=Va,

which is compatible with (10) if a is permitted to be a

multi-valued function increasing in the poloidal angle.

Thus, only the toroidal part
A, =Evgp. (11)

contributes to oW,.
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Equations (7), (9), and (11) together with the po-
loidal component of (8) yield

£=¢ on S, (12)
3
w,=1[ S pép
W, ZJR 7 (13)
and
£=0 on §,. (14)

Up-down Symmetry

Suppose now that ¥ is symmetric with respect to
the equatorial plane z = 0:

Y(R,z)= Y (R, —2). (15)

Then, by putting
=0+
with
n(R,z)= —n(R, —z), {(R,z2)={(R, —2),

the energy variation W, (as well as the vacuum con-
tribution 0W,) is separated, yielding

}~ (16)

d
oW = JR;%VJ<+UI+ pR”qV—‘—MV}
d .
—— &L

(17)
d /¢
d¥ \R? dy

.f‘:lw~ 9= a1
R?

because all coefficients in the functional (6) are sym-
metric in z. Note that the functional (16) contains
neither f nor g because the antisymmetric part # can-
cels in (3) and (5). So, if the disturbance # leads to an
instability, this instability cannot be stabilized either
by increasing y or by increasing the toroidal field.

If # is varied with the normalization

W, 2 oW + oW},

3
dWW:l{df{w|l—
b i 2) R’ ’7 a

Vs

3

21 (18)

Ve
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Fig. 1. Qualitative sketch of the fluid and vacuum regions.

and with the boundary conditions

n continuous across S, Nz >0, (19)

n=0 on (§,nz>0)V[(V;uV,)nz=0],
(20)
then the minimum of 6W@ is attained for the lowest

eigenvalue v, of the interior-exterior eigenvalue prob-
lem

oF .
dn+ ——n+vn=0 in D,nz>0,

21

7 (21)

Ayn=0 in D,Nnz>0, (22)

7, a—” continuous across 0D, Nz >0, (23)
n

n=0 on [0Dnz>0]u[Dnz=0], (24)

where D/, D, are the intersections of V, V, , respective-
ly, with the poloidal plane ¢ = const (see Fig.1) and
D=D;uD,.

The condition

120 (25)

is necessary and sufficient for the stability of axisym-
metric disturbances which are antisymmetric with re-
spect to the poloidal plane. The test function
n=03%¥/dz in D, describes the vertical shift and is in
general not minimizing.

The corresponding equations for { are derived in
Appendix A.

The Free-Surface problem

Suppose that S, is a magnetic surface, implying that
¥ is constant there:

Y=0u<0, say, onoD. (26)
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Suppose further that there are no singularities
(wires) in V,. Then, in addition to the equation

4,%+F=0 in D, (27)
we have

4,¥%=0 in D,. (28)
On 3Dy it is then required that

Y, %’: be continuous across 8D, (29)

in order that the magnetic field be continuous on §,.
The total toroidal plasma current J is usually pre-
scribed as a normalization:

1
Jz—j—A*'l/dez=— j'B'dl,
5, R

oDy

_ jB dl— oy di
B oD B ap On R’

The mathematical problem described by (27)—(30) has
been treated by several authors (see, for instance, [11],
[12]). The solution of the non-linear boundary value
problem determines the free boundary 0D,. Under
relatively mild conditions on the profile functions
I,p(¥) there exists a solution. The corresponding
numerical problem is treated in [13].

Once 8D, has been determined, it can be considered
as given for the stability problem.

(30)

Large Aspect Ratio

Let R,,;, and R, be the smallest and largest values
of R in D,, respectively. Then coordinates x, y are
introduced by

min

R=R+¥x, z=Fy,
F:%(anax— Rmin)’ R:%(Rmax-l_Rmin)’
—1<x=<1.
Introducing scaled quantities by
b4 I _
x=—, h=—, G=RrFyg
iz R
yields (31)
02 e o @ dh dp
— = 4+ —— |+ —h+{1+ex)P-— =0
(6x‘ 1+ex0x 6)'2> A flee% dx

for the equilibrium equation, where ¢ = 7/R is the in-
verse aspect ratio. The equations relevant to stability
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are

|
Coy=2mrf. — 2% g,

32
(43 +5)? .

where the (dimensionless) variable [ is the arc length in
the x, y-plane along the curve x = const, and

0 f=%pj Sl {lgx|2+|q,|2
d<_<f_> :
+ h? d/*ﬂlif)_zﬂ +yp(1+ex)?|G|?
<(1+—ng>
[dd/g;h-*( g%]lflz}, (33)
where
4 &
szz1> , (34)

After dropping all terms containing ¢ one is left with
the equations

ot o dh dp
—+-5|x+—h+—=0 in D,, (35
<6x3+ayz>ﬁ+dx NP in Dy, (9)
02 @ :
<6x2 + ay2>x=0 in D,, (36)
1
oy =2nF§...————dI, (37)
ez +33)2
oW, = Z _[dxd_\'{|<fx|2+\§,|2 (38)
" R b,

d dh d?p
hz . 2 __ —h £12 ,
+(h*+7p) |G| (d i +d/2>|s|}

oW, = — [dxdy{IE P +1&,1%)

=i 2

for the straight geometry.
According to Appendix A the stability eigenvalue
problem reads

L N 02 N d dhh+dp
ox? dy? R ACE, dx

d
+—(?+yp)G+a=0
dx

02 %N s
—+-—])¢=0 in D,
<6.\'2 * 6_\'2> ” g

A
!‘\(

in D,
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, o ¥ hG
E_f=—=_24 =0 on 0D,
7 0On On  |Vx|
=0 on aD,

where o = 7* u is the eigenvalue and 0/0n is the dimen-
sionless normal derivative on 0D, .

Circular Cylinder

If the lines » = const are concentric circles, it is
useful to introduce polar coordinates r, © by

1
X=_c0os@, y=_sin® dxdy=_rdrde.
r r r

One then has

Fu'=—Bg, ¥:+xl=Fx*=B}) h=-B,,

where the prime denotes the derivative with respect to
r and

- — 2nr
¢=—R¢ B, (.)= f .doe.

(40)
Separating the ©-dependence with exp im @ leads to

(41)

+Bz)iGIZ B (2 4 BeBeY e 2
R\, B, )|

~ 2 —’ m’
()W,_:?_n“Rjrer (Bo&,) |? +—Bglc |2} (42)

re

S 25 ( cviz M s
()VVf:?.T[ Rgrdr |(BOQr)/|~+r—ZBQIQr|

+op

Here, 1, is the radius of the fluid and it is assumed for
simplicity that the position of the wall is infinitely far
away (F— o). Because of conditions (4) and the equi-
librium equation

, Bg
P +B.B.+—2(rBe) =0 43)

the last term in the integrand of (41) can be trans-

formed by partial integration to give together with the
first term

" & p BB\ .
;!;rdr|j|(B@‘;r) |2-BG<EG+ Be |§r|2
£ 12 p2 /1

1
+ 7(21) + Bf)’|cf,|z:|. (44)

Lx
= j r drliBélg",lZ — B} &
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The two cases 1) m # 0 and 2) m =0 now have to be
distinguished.

1) Here, we have G =0 and the minimum of the
integral (42) is attained for

Bo&, =Cr ™, C=Bo(ry) & (rp) rf,
yielding
oW, 227* R|m||&,1* B3 (ry).

Finally, using the second form of (44), one gets

1 . . V
S W+ W) = (Iml —1) B3 &, 12 ry)

f 2022 2 Iérlz
+ [ rdrBg| &1+ mP—1) =5 |. (45)
0 A
At the origin the test function &, satisfies [14]:
&E0)=0 for |m|=1,
|m| #1.

£,(00=0 for
So, (45) shows the well-known property that it is posi-
tive for |[m| >1 and zero for m = +1, &, = 0. The latter
describes the marginal shift perturbatlon.
2) In the case m =0 it is found that
Go E( A ,
r

(46)

I‘“

(47)

and it is useful to use third form of (44) by making
another partial integration in the last term of the inte-
grand and using the boundary conditions (46) and
p(r;) =0. The result is

W,
27*R

Cr

= BZ|&,|%(ry) +_(rdr[ yp+B2)|E 4+

&—
r r

2
+ B2

——(2P+BZ)(” & 5 rf’*)}

¢ )7
é+

= BZ|&,|2(r)) +§rdr[y—1)p

o &

2
; ] (48)

. Ic’l
+B_3<|c,|2 5 + (B§+p)

where the star denotes the complex conjugate. The
last form of (48) exhibits stability for y =1, p = 0.

For situations where the wall is infinitely far, any
deviation from the circular cylinder is probably unsta-
ble. This has been shown for special cases [15]-[18]
and will be treated elsewhere.
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Wall Stabilization for Linear Profiles

If the profiles I' I and p’ are linear, conditions (4)
imply that

I'I=Ry,(1—B,) LV, p'=B, ¥ (49)
with constants 4 > 0, B, = 0. The functions (49) can be

integrated to give

IP=RL,(1-B,) A+ 1}, p=1B,A¥*. (50)
For the case where the wall S, coincides with the
plasma surface S, stability can be demonstrated by
means of a trick [5]. The ansatz

=¥ (51)
with a finite function « satisfies the rigid wall bound-
ary condition and yields

d3
oW, z5 | TR PVt P+ 1P +ypR2gI?}  (52)
Vi

after making appropriate use of the equilibrium equa-
tion. However, if the system is to remain stable when
the wall is a finite distance away from the plasma
surface, it has to be shown that functional (52) is posi-

tive definite:
(53)
d3

f —5 (PIVal? +|f P +ypR?|g|? }>CId3T'I’2|0tI2

The validity of (53) with a positive constant C is
proved in Appendix B. This means that the system
remains stable if the wall is removed from the plasma
by a small but finite amount. However, if the wall is
removed too far away, there may be instabilites for
non-convex curves 0D, [19]. The question whether
there are toroidal configurations which are stable
without any wall [20] is still open and will be treated
in a forthcoming paper.

Acknowledgement

The author would like to thank D. Pfirsch and
G. Spies for valuable critical discussions of the results
presented here.



1014 D. Lortz - On the Stability of Axisymmetric MHD Modes

Appendix A where n is the outer normal on S,. In order to rewrite
Here. necessary conditions for the minimum of the ~ the third integral of (A 6), functions ¥, y as defined in
functional Appendix B serve as coordinates:
OF
+7p R g1? — - I€1) 3 d¥ dy
% [...d¥t=[..27R —— d¥ (). (A8)
¢ 2 T TN T
, d3t Al
+3 R2 (A1) One then has
with d & d d37
e L (E ! “Of + 1 qo
rom=1 <R2> (sl')—dl[’@> el "
- 1 Y - 1 ! ,[dq/ /‘[i E 4y i«;'ﬂ
R B TAV SV REE Ty

dzs ‘ 3¢ 3¢
<...>=j...|w1I =a§d‘1’[(fl)w<ﬁ> 7P 9w <0C>1+11<R >

are derived for test functions &, fsubject to the bound-

¥=0

d3r . ) o
=— [ 5[/ +7R*(pg)y]

ary conditions v, R
¢=0 on the magnetic axis, (A2) 1
. +dS 0, (A9)
¢=¢ on S, (A3) s, RYVY|
=0 on S, (Ad4) where ¥ =p=0on S, and (A 2) have been used. So,
the variation (A 6) contains volume as well as surface
and the normalization e
contributions:
:Zj | 2=1 (AS) O(W—uN) (A10)
d3t &
The variation of (A1) is of the form - —l‘f,» R AL+ (f1+7pR* gy +ug + 9%
' d’c dz oF d3t d2s (o o fI
BW—ieN) = [ 53 7E V08— [ T3 5, €0 T ee U (R G ST,
v, R® R* a3y~ l[ R2 %7 j, R*\en on VY| -
+ j (fof+vpR*gdg) For arbitrary o¢, o¢ the variation (A 10) does not van-
ish unless the Euler-Lagrange equations
S d3t (A11)
VWO —pf —5 &8¢, (A6) aF ‘ )
% A+ 5 ST+ 7pR gy +pE=0 in V,,
where g is a Lagrangian multiplier and .
g L P 4,6=0 in ¥ (A12)
d /o Py
o d¥ \R? N ﬁ< < and, in addition to (A 2)—(A4), the natural boundary
of =1 <1> . 0g= - s condition
R2 oc of '
. . , . TP LB RS (A13)
With the boundary conditions (A 2)—(A4) taken into cn Cn VY]

account, the first and fourth integrals in (A 6) can be

cp . ¢ atisfied. i t partials with re-
transformed by partial integration: are satisfied. Note that in (A11) bot partials with re

spect to ¥ are at constant R. Equations (A2)—(A4).

- dir Ve Ve + | d’ PE . vel [ d’t Y (A11)-(A13) constitute an eigenvalue problem with z
.“, Rz ¢ + SRS 06 = — 7, R2 0c dx< as the eigenvalue. The condition that the lowest eigen-
3 ' value x, be non-negative,

o 6 ST 1 .
— [ == 04, E+[d2S6E—n-V(E=9&), (A7)
1“,. R* - j, R o =0, (A14)



D. Lortz - On the Stability of Axisymmetric MHD Modes

is necessary and sufficient for stability against axisym-
metric disturbances. For disturbances which are anti-
symmetric with respect to the equatorial plane, the
eigenvalue problem reduces to (21)—(24) of the main
text.

Appendix B

In order to prove that a finite constant C exists for
relation (53), it is useful to distinguish the diamagnetic
case 1) f,=1 from the paramagnetic case 2)
0=p,<1.

1) Here, it is shown that

(B1)

L AR?|g|7) 2 C[dP ¥2af?
Vs

. d’F
P __ {|Va|?+1
vj'f R2 1’ 1'
with
1
g= ***<>

Ay dy (B2

The quantity 4 can be considered as an eigenvalue of
the linear problem
(B3)
AP+ Ry (1=B,) + R2B,]A¥=0 in D,
¥=0 on O0D,.

Standard variational methods lead to the estimate

o) ! — : (B4)
4Rmax (Rmm + Rmaxﬂ ) 2 ’

where 2 Z is the extension of D, in the z-direction.
For the proof of (B1) the test function « is divided
in the following way:

Az

o=0a+d, (BS)
a(¥), <ay=0. (B6)
Introducing ¥, y (R, z) as orthogonal coordinates with
0y=2n, V¥ -Vy=0, dsr:2an—qI d_)(’
V] [ Vy]
one obtains
[Vl = oy ||V + 1o, |2 [V * 214, 12 1Vx]?, (BT)
2r (R [dr= (AP,
o IV‘PI Vxl™ v
On a specified surface ¥ = const one has
<’V17'2> = Cl(‘l’)<|il,2>. (BB)
R* R?
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The constant C, in (B8) is determined by introducing
a new variable @ by

de
——=Qa)R[K>|VP|IVx]]™', 020=<2n. (BY)
One then obtains
] 2n
9 >_Q j ..do, jidQ:O (B10)
0 (0]
1,17 25 |q, 2 dy
<RZIZI ng A
|9‘9| de
1
e § reE
2n
227 A" Hmax [V¥) ! | |de|*dO
z 0
2n
2(Q2n)* A" Y(max |VP)! [ |a]*de
x 0

=C, lal*,

C,=Q2n*> (max|F¥|>) ! (B11)
x
Now, by multiplying (B11) by %2 and integrating over

Y it is found that
(B12)

d’t
j —‘I’Z|Va|ZgC2 { d®*= P2 &7,
Vi

C,=min C, (¥P).
< 2 =minCy(

For estimating the non-oscillating part, the |g|? term
is needed:

vod — a1
Qyap™ 1=9 >

jd3r|q|~ = [dwy 192

g= (B13)

d)72

dy

dny |?
dy
(max {1>)~ ' [d¥|n|?

Lfdw || (12 w2

= (max (1))~ ' [d¥ ¥?

3 (max<1))”
- l min {1)
~ 4 max<{1)

=C, [ d*c¥P?|a)?,
Vg

Il

(B14)

[d¥|a)2 w21y

1 min{1)
Cy=——.
4 max (1)
Relations (B12) and (B14) yield (B1) with

C=min(C,, 378,AC3). (B15)

2) The proof for the paramagnetic case 0 < ff,< 1 is
more complicated and will not be given here.
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